
cq
t--
D--

!

A

Z

Z

TECHNICAL NOTE

D-I??2

NASA TN D-1W2
i

I//s -/sYsJ
C_ c_ c/ __l. "

STUDY OF INERTIAL NAVIGATION ERRORS DURING REENTRY

TO THE EARTH'S ATMOSPHERE

By Q. Marion Hansen, John S. White,

and Albert Y. K. Pang

Ames Research Center

Moffett Field, Calif.

NATIONAL AERONAUTICS

WASHINGTON

AND SPACE ADMINISTRATION

May 1963



\

A

_ _i I



TABLE OF CONTENTS

SUMMARY ................................... i

INTRODUCTION ................................ i

NOTATION .................................. 2

PROCEDURE .................................. 4

General Method .............................. 4

Equations for Actual and Indicated Motion ................. G

Partial Derivative Equations for Linear Error Analysis .......... 9

Trajectory Parameters and Vehicle Characteristics ............. ii

Initial Condition and Equipment Errors .................. 13

RESULTS AND DISCUSSION ........................... 13

Range of Linearity ............................. i_

Use of Partial Derivatives for Estimating Final Errors .......... i0

CONCLUDING REMARKS ............................. 19

APPENDIX - DERIVATION OF PARTIAL DERIVATIVES FOR AN ELLIPSE ......... 20

REFERENCES ................................. 23

TABLES ................................... 24

FIGURES ................................... _3





NATIONALAERONAUTICSANDSPACEADMINISTRATION

TECHNICALNOTED-1772

STUDYOF INERTIALNAVIGATIONERRORSDURINGREENTRY

TOTHEEARTH'S ATMOSPHERE

By Q. _rion Hansen_John S. White,
and Albert Y. K. Pang

SUMMARY

The navigation errors in position and velocity which result from erroneous
initial conditions and imperfect inertial navigation equipment have been analyzed
for a space vehicle reentering the earth's atmosphere. The analysis has sho_
that for realistic errors and reentry conditions a linear error analysis will
usually be valid; that is, the partial derivatives of final position and veloc-
ity with respect to initial conditions and equipment parameters maybe treated
as constants. Also, the analysis has demonstrated that these partial deriva-
tives can be used to estimate the final errors which result from using various
combinations of initial condition and equipment errors with the inertial naviga-
tion process started at various times before reentry.

It was found that when the inertial navigation process is started just prior
to reentry the final errors resulting from initial condition errors predominate,
but _Sen started well before reentry the final errors resulting from equipment
errors @redominate. Initial altitude error is the most significant initial con-
dition error, and accelerometer bias and gyro drift are the most significant
equipment errors. The final errors due to accelerometer bias maybe greatly
reduced by treating the outputs of the accelerometers as zero above the
atmosphere.

INTRODUCTION

If a vehicle reentering the earth's atmosphere is to reach a particular
landing site_ it is desirable to have continuous knowledge of position_ velocity_
and attitude of the vehicle. To provide this information for a reentry vehicle,
especially one with a pilot, an inertial navigation system is generally consid-
ered essential_ since continuous radio reception of ground data is very difficult
(if not h_ipossible)and since it is very desirable, from a reliability standpoint,
to have an accurate, self-contained navigation system on board the vehicle.

In any inertial navigation system, navigation errors in instantaneous
position and velocity result from both erroneous initial conditions and imperfect



inertial navigation equipment. These navigation errors during reentry from a
circular orbit into the atmosphere of a spherical, rotating earth were studied in
reference i. The present study extends the analysis of reference i to include
partial derivatives. The use of partial derivatives for predicting navigation
errors which result from only initial condition errors for nonatmospheric reentry
is fairly common(ref. 2, p. 736_ for example). The l_resent report uses partial
derivatives to examine the navigation errors in position and velocity which
result when an inertial navigation system is used during reentry into the _tmos-
phere of a spherical rotating earth.

There are two main objectives of this report. The first is to detezmline the
range of values of initial condition and equipment errors over which a linear
error analysis is valid, that is_ to determine the range over which partial deriv-
atives of final position and velocity with respect to initial conditions a_d
equipment parameters remain constant. The second objective is to demonstrate
within the linear range the use of these partial derivatives for estimating the
final errors which result from using various combinations of initial condition
and equipment errors with the inertial navigation system "started" at various
times before reentry, i

In this study, a lunar trajectory is used as an exsLmple;however, it will be
shownthat a linear analysis should be valid for any realistic errors and _'ee,ntry
conditions. Furthermore_ the sameerror relationships sho_id exist between-t}ie
relative effects of initial condition and equipment errors upon the final errors
for any realistic errors and reentry conditions.

NOTATION

A

a

CD

m

D

E

e

f

reference area for aerodynamic force coefficients_ ½n s

semimajor axis of an ellipse, km

drag coefficient

vehicle constant relating drag per unit mass to airspeed and air density_
4.1><10 -9 _S/kg

aerodynamic drag per unit mass, km/sec 2

eccentric anomaly of an ellipsej radians

eccentricity of an ellipse

acceleration_ or nongravitational force per unit massj _/sec 2

Zln this report the inertial navigation system is considered to be "started"

when the last set of initial conditions is put into the system_ that is, when the

system is updated for the last time prior to reentry.
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_s, gravitational attraction of earth per unit mass at earth's surface,

rE _ -3
}i.7,}OpNTXlO km/sec 2

o/
angular moment_ per unit mass_ _/sec

altitude above mean sea level, _n

aerodyn@:lic lift per unit mass, }un/sec s

total mass of vehicle, kg

radial distance to vehicle from center of earth, Ign

radius of the earthj o375.14 ]g_

radius of perigee of an elliptical orbit, i_

accelerometer scale factor uncertainty, g/g

accelerometer scale factor, g/g

time, measured positive after start t_ae; min

t_e for a vehicle to travel from r to rp on an ellipse, min

time after reentry, measured positive after reentry at h = 121.92 km

or 400,000 ft, min

accelerometer bias, g

velocity of vehicle in inertial space, }_i/sec

velocity of vehicle relative to the air mass, l_/sec

inertial flight-path angle, angle from true horizontal to

radians

flight-path angle, angle from true horizontal to _, positive up,
radians

range angle, angle between _ for h : 121.92 }u_ and instantaneous _,

positive from west to east, radians

accelerometer misalinement angle, angle between inertial reference axes

and accelerometer axes, radians

angular rate of earth's rotation, 7.29211×10 -s radian/sec

gravitational constant for earth, 3.95o13_xi0 s kmS/sec 2

atmosphere density, kg/k_ s

V, positive up,
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instantaneous error_ found by subtracting actual value from

indicated value

final value, at time final altitude of 30 _ is reached

indicated value, given by inertial navigation system

start valuej when initial conditions are put into system

value at reentry_ where h = 121.92 Imm

value along the x_ z_ etc._ axis

vector

time derivative

Matrices

final error matrix

partial derivative mat_'ix

initial, or start_ error matrix

_o-Dimensional Coordinates

earth-centered_ polar

vehicle-ce_tered_ actual horizontal and vertical

accelerometer axes_ which differ from inertial axes because of
misalinement

vehicle-centered_ indicated horizontal and vertical

inertial reference axes_ which are horizontal and vertical at start
time

PROCEDURE

General Method

The general method used to study the navigation errors that result from the

inaccuracies of an inertial navigation system used during reentry was to solve

concurrently equations for the actual motion and for the indicated motion of the

vehicle. Typical actual and indicated trajectories are shown in polar
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coordinates in sketch (a), where the separation between the actual and indicated
trajectories has been exaggerated for illustrative purposes. The indicated
motion_ given by the inertial navigation system_ differs from the actual motion
because of inaccurate knowledge of initial position and velocity and also because
of imperfect inertial navigation equipment. The equations were solved with an
I_H 7090 computer_ and the instantaneous errors were computedafter each integra-
tion step by subtracting the actual values of position and velocity from the
indicated values. The final errors were taken as the errors in position and
velocity at a time corresponding to an actual final altitude of 30 k_. This
final altitude was chosen because ground-based radio contact may easily be made
at this altitude_ and also because it is anticipated that a parachute or other
landing device will be used at or near this altitude.

j/

Indicated-y ./

Actuol

Note: O and 9i are neg-

ative until reentry at

h = 121.92 km.

Force components represented in inertial_

accelerometer_ indieated_ and actual

coordinate systems.

Sketch (a)

The instantaneous errors in altitude and range angle_ he and _}e_ respec-

tively, are illustrated in sketch (a). Of primary interest in this report are

the final errors listed below.

Final Errors

hef Altitude error

Jef Range angle error

hef Altitude rate error

0ef Range angle rate error



The fin_l errors were ass'_ed to result from the followinis initial condition and
equipment errors.

Initial Condition Errors
hoe Altitude error

'_.)eo l_ange angle error

!}eo Altitude rate error

0Co Range angle rate error

Equipment Errors

i]ao Accelerometer misalinement angle

:)a Gyro d__'ift rate

Uxa, Uza Accelerometer biases

-_Sxa,SSza Accelerometer scale factor uncertainties

The initial condition errors exist because of inaccurate knowledge of position

and velocity. For the equipment errors accelerometer misalinement angle repre-

sents the initial misalinement of the accelerometers relative to their reference

directions in inertial space. Gyro drift rate produces further acce!erometer

misalinement a_d accelerometer biases and accelerometer scale factor uncertain-

ties cause the accelerometer output values to differ from their input values.

For simplicity the vehicle motion was restricted to the east direction in

the equatorial plane of' a spherical earth with a rotating atmosphere. Crossrange

motio_ '._.n,£crossrange errors were not considered for several reasons: first,

reentry trajectories are nearly planar; second, errors in crossrange are largely

functions of the particular scheme of crossrange control used; and third_ for a

nearly _lanar trajectoz%_ crossrange errors are stable and also independent of

altitude and downrange errors. }lence_ the results of the analysis for errors in

altitude and downrange are unaffected by the absence of crossrange motion.

Also for simplicity the inertial reference coordinates sho_n_ in sketch (a)

were chosen as the horizontal and vertical axes at the starting point where the

initial conditions are put into the system. Also the accelerometer axes were

ass_±med to be alined with these axes_ except for an accelerometer misalinement

angle_ 5a_. Hence_ no attempt was made to obtain an optimum alinement of the

gyros or accelerometers in order to minimize the final errors. The accelerometer

misalinement angle_ _a; was assumed to be co_osed of an initial term_ 0ao_ and a

time-increasing term_ .Pat. The t_e-increasing term was assumed to be entirely

due to jyro drift, so that _a is referred to as gyro drift rate.

Equations for Actual and Indicated Motion

Tq_e actual motion of the vehicle is described by the equations of motion for

one bod£ moving, around another. In _olar coordinates, r and d, illustrated in

sketch (b), these equations are (ref. 3, P. 42):

}" r_ : - _ - fz

r'j+ 2}$ : fx
(l)
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where _/±' is the sravitational attraction per unit mass at radius_ r, and

fx and fz arc the _,omponents of lift and drag (and thrctst if used) pur unit mass

in the horizontal and vertical directions, respectively. Sl<etch (c) may be used

to resolve lift and drag into

L

fx = -D (cos y/, + _ sin ?',A)

L
fz D (sin YA _ cos y;_)

(2)

where

D i .. CDA_ _%£ _ (_)

Equations for 7,. t and VA may be written directly from sketch (c).

7A = tan-i ::(,5 - ,:)_:)

vA = ,/_:,_+ _,_(::_ ,',_)
} (_)

Equations (i) through (4) were used to solve fox" the actual motio_ of' the vehicle.

/_ Starting

Finol poin__ ___'_"

point

Note:

8=0 for h = 121.92km

Reentry trajectory in polar coordi-

nates showing lift_ drag_ gravity_

velocity_ and flight-path angle.

Sketch (b)

r(8-e E)

\

\

, T
\ X

_ \ I

z
Relationship of flight-path an_le

to conponents of velocity and

force.

Sketch (c)



Since equations (i) describe the motion of the vehicle, they may also be
used by the on-board computer for the inertial navigation system. These equa-

l subscripts for thetigris are rewritten for the indicated trajectory using
indicated position, velocity, and force components.

'f'i riOi _ PriS fzi

.'" + _i_irlui fxi }
The indicated force components are those along the indicated horizontal and ver-

tical of the measured accelerometer forces• The measured force components differ

from the true values largely because of initial accelerometer misalinement, lag'
gyro drift rate (which causes further accelerometer misalinement), da, accelerom-

eter bi':_ses, Uxa and Uza, and acce!erometer scale factor uncertainties, Sxa and

Sza. With the help of sketch (a) it can be seen that the measured force cor£no-

_ents given by the accelerometers may be determined for computins purposes by

first resolving the actual force components through -0 into the inertial coor-

dinate system, then resolving through .3a into the accelerometer coordinate

system, and then adding accelerometer biases and multiplying by accelerometer

scale factors with their uncertainties. The indicated vertical and horizontal

components are then obtained by resolving through 0 i. 1_ne components of actual

force along the accelerometer axes, fou_d by resolving through -] and Oa, are

fxa = fx cos(-O + Oao + i_at) + fz sin(-9 + Oao _ $at )

fza = -fx sin(-3 + gag + :_at) + fz cos(-_9 + 0ao + 5at)

(0)

The measured force components given by the accelerometer outputs are

f  (measured) = (fxa + gU=a)SFxa

Sza(measur  ) = (f a +  U a)SFza

where

SFxa = i + Sxa

SFza = i + Sza

When equations (0) and (8) are substituted into equations (7) and the measured

force components are then resolved through @i, the indicated force components
are found to be

(8)



fxi = cos @i[fx cos(-0 + @ao + Sat)

+ fz sin(-@ + @ao + !)at ) + gUxa]( I + Sxa)

+ sin 0i[-f x sin(-i)+ 0ao + $at )

+ fz cos(-0 + iPao + 0at) + gUza](l + Sza )

fzi = - sin 0i[f x cos(-!9 + 0ao + 0a t)

+ f_ sin(-o + _o + _t) + _U_a](l + S_a)

+ cos @i[-fx sin(-a + 0ao + Oat)

+ % cos(-0+ Oao + Oat)+ _UZa](1+ S=a)

> (p)

Position and velocity errors are computed by merely subtracting the actual

components of position and velocity from the indicated components. This is illus-

trated in sketch (a) for position con_onents. The equations are

re - r i - r = he = h i - h

0 e -- 0 i

r e : r i

Se : ;i
r = ie = i i - i

(lO)

These equations are used in this form for instantaneous and final errors. The

initial errors and true values are usually specified and equations (i0) are used

to compute the initial indicated values.

Partial Derivative Equations for Linear Error Analysis

The requirements for a linear error analysis to be valid can be understood

by examining the equations for the total differentials of the final position and

velocity components. In equation (ii) the total differential of final altitude

is shown as an exmrlple.

%hf ,_hf ,_hf %hf %hf ,_hf

dh-r- _o _ho÷ _ dOo+ _ d% ÷ _ d,_o+ _ dOao+ _ d_a

%h_. %hf %hr %hf
(ii)



-\ li_iear error &_nalysis is val._d provided the partial derivatives may be treated

as constants when the differential quantities are replaced by incremental or

error quantities as sho_ in equation (12).

%hf bhf bh r . bhf . bhf %hf

hcf -%11o heO+ _ Oeo + _ bee + _ Oeo + _ Oao + _ Oa

<%hf _hf _hf _hf

E-bU--_Ux + _ Uz + Sx + -- SzoUz _SFx _SF z
(12)

Under these conditions a final altitude errorj for exsI_ple_ would be directly

_roportional to any one of the initial condition or equipment errors j and the

final altitude error due to several initial condition and equipment errors would

be the super9nposed sum of the final altitude errors due to each individual

initial condition or equipment error taken separately•

For the range of initial error quantities for which a linear error analysis

is valid, equations similar to equation (12) may be written for all of the final

error quantities. In matrix form these equations appear as

Uef

hef I

%hf ,_hf %hf %hf %hf %hf %hf _hf %hf _hf

,_ho _o _ _ '_,_ao,_Oa ,bUx bUs %SFx ,bSFz

,bof ,b,}f _of ,b_f bof bof _of bof ,_of ,_f

%he bee bile %00 b0ao 90a bux _u z bSF x bSFz

bflf %fir %if %fir bflf bif bflf ,bflf bflf bfif

bho boo bile _ boa o b_a bU x bU z %SF x bSF z

O_f _f _f ,_f O_f _f bOf ,b_f ,bSf %_f

)ho b0o ,bflo ,b_o beao boa bu x %uz bSF x OSF z

D

he o

Oeo

hoe

'meo

Oao I

0a

Ux

Uz I

(13)

Once the partial derivatives are evaluated, the final errors can be

dc_tcrmined as functions of the initial errors. From equation (13) it can be seen

that one way to evaluate the partial derivatives would be to use only one initial

co_dition or equipment error in each computer run, and to divide the final errors

by the initial condition or equipment error used to obtain one colm<<u in the

',',artialderivative matrix. For the initial condition and equipment errors bein/_

considercd_ then_ ten separate runs are required to obtain the complete partial
derivative matrix.

It is possible with matrix methods to calculate the partial derivative

matrix by using ten runs which merely have independent sets of initial condition

and equipment errors rather than only one error in each run. This process can be

exl_lained by }_'iting equation (13) once for each of the ten independent sets of

final errors that result from the ten independent sets of initial errors.

10



[F1] : [P] [81]

[F_] = [P] [S2]
(14

[r_o] = [P] [Slo]

Equations (14) can be combined into

[F1 Fs -.. rlo] : [P][SI $2 ... 81o] (15

ff_lepartial derivative matrix may then be obtained by post multiplyin:j: the final

error r:iatrix by the inverse initial error matrix

[P] : [r_ rs ... rlo][S_ S2 ... S_o] -_ (lo

It should be apparent that for a particular trajectory_ the err'ors which

exist at any instant of time may be considered to be the initial errors which

cause the resulting final errors at any later instant of time. Once the instan-

taneous errors for ten runs; with each run having completely independent sets of

errors_ have been obtained along a particular trajectory_ then the ten sets of

errors at any point in t_ne may be considered to be the initial or start errors

for the ten sets of errors at any later point in time. With equation (16)_ then_

the data from the ten runs are sufficient to calculate the partial derivative

matrix _hich relates the initial errors at any point in tL_e to the final errors

at some later point in tithe. This process has been used in the present study to
I

calculate the partial derivative matrix between the final tJmle_ tf; _,.rhichis

always taken at the nominal 30 km final altitude_ and every precedind start time

along the trajectory.

Trajectory Parmneters and Vehicle Characteristics

The trajectories considered deviated slightly from a typical circumlunar

trajectory and are described below in two phases: a space phase_ which is

largely independent of vehicle characteristics_ and a reentry phase_ which is

very dependent upon vehicle characteristics. The atmosphere density_ o, for the

reentry phase was obtained from reference 4. Both phases used earth constants of

= 3.980135 ×lOs }am3/sees, rE = °,397.14 ½rb and 0E = 7"29211×i0-s radian/sec.

The typical circumlunar trajectory representing the primary example for the

space phase has the following approximate elliptical parameters:

a = 2.02_xi0 s ]<m

e = O.pe83

rp = o.423xi0 s km

H = 7.09p<i04 EmS/sec

(l_)

11



Nor r_n ".kctual reentry vuhicle_ especially one with a !}ilot_ it may be

:!esi_'a]G_ _ to have eom_o!eted the n_ it_relent of the inorti_! _ i_ti'oz'.,_s_nd %0 i'_o_ve

i<Lt } L'tcriS<, i:_itial conditi:)ils blto the system (i.e., to i'.ccv<_ started the sjstem)

s_s muck '__sau __h,our before reentry im ,:0::dot to have time to establish confidence

i'_ the s,rstem ooe_'atior_ a;_d to _:void last _::inuto oiler !'roce,d<Ares. To use avail-

:£'!e tra:]ectory ds.t:k it wsos :_eec,_sar'y to choose s:_stt_rt time of _'j.51 :lJ_invt'<:_

bkl'ore ±'<%-.'rti'j,,s t ke curliest ti:k,, to %6 considered. For th< typicmi ]_,_i_:.:'

t±'a_)<'etory <:o_isi<Lered the initial conditions _:.tthis start tim< were:

t O : 0

to' -<s. Pl rain

h o = iU,47 o. j0 Lm

_'E'.b : -12_ 010. :<3 1_._

_o - -4. '_'50_ !_i/"sec,

Tk< res,dti_: val,<es for ?/'o an,/i VAo were

>_o -77- 4_#i!Io

V_ o )_-'[ , :_,_,

For emsy interpretation or rs.nge values, a reference o2 ,] : 0 for t' -- 0

teen chose:'_, at the_ reentry u_ititude o2 i°i_ .,,,_'°]_m_ or 400_000 ft.

( k,_!,)

(i_)

h(J,s

The reentry phase is very dq_endent upon the vehicle characteristics. For

the _,d_i<,l,_, <o._side_,_ C_,/-_ - _.b:_O -_ ;,_3/kr (o_. _l'O__ >o.l '_b/ft_) and
(L/'D)max iO._. Const:_it and variable L/D trajectories were e_::m_in_:_d. For

the v:_.±'i-d_lc L/D trLi_jec%orios L/D - -3.2_i _ rot 0 < L/D < (L/D)max (obtained

2rmr. rcf. ]). The constln% L/D trajectories were o%ta_.ined for values of L/D

from 0.0._ to 0.2!7; and the variable L/D trajectories were obtained by changing

the reentry fligl_t-path angle (at 121.92 kin) from ....4799 ° to -5.$,]2) ° and vary-

i_{: L/D as just described. These rooresent a wide variety of reentry traje,:--

t_'±'i_:s, _'ince ilk, u,',_nstant L/D _t±'i_'s have very hi_ih dc,,,.<lerations and the

v<riL_blc L/D emtries have rs_thcr low decelerations.

Tke s_:ecirie t_:ajecto_'ies eonside;_'ed are sho_.,n__ iL_ i'i}<0,z'<i_ _£_d some of

t h<i_ more important parameters :_re sho_s, in table I. _he longest trajectory

{ronsi<Ic:rc,,",ns,u'-- a z'an_e_ 02 about thrcc-fo]rths or the eirctmlfc, renee of the earth

(_xz_'th <'ir<:,m_i'eremce : 40_000 _m_) s,rzd the fi_zal time after reentry is abort

i hc:,u_'. %1_< med±<m_ lensth trajeetories_ b.avind z'contry times neu, r 20 minutes_

,'_,='emo_,'c dcsir_blc from the sts,_i/soint of reentry ti_e. Tr<_jectoz'y !I_ which has

c, modikmL range_ low peah d.eceleration; and low skip altitude_ will be emph_sized

i_ tb:' r_,_uainder of this ±'<port to i]i:_str<_t,<' the principles being discussed.

_i_i:n<:kistories of the trajectory variables _<i'e civen in figure 2 rot trajectory 4.

C_!'ves for altitude_ range> k_ititude rs_te_ and rande rate are sho_,sn in fi£-

<,'u ::::(_)_ and tile eori'espo.'K_ing curves re±. veloeity_ flicht-!::ath angle_ and force

:er unit mass are sho]n_ in ficure 2(%).
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Initial Condition and E<luiL,ment Errors

It is highly desirable to use a currently realistic set of values for

t2pical initial condition and equi!omemt errors. Consequently, the following

initial condition errors were obtained from the results of a study of a midcourse

navigation system for a circ_m_lunar mission.

heo : 5 I,_ ]

rodeo : 0.5 t,_ I (2_0)
l_eo = 5×10 -'_ ]:m/see

= _i0 -:_ t-_n/scc

The correctness of the order of magnitude of these errors may be verified by

referring to the standard case in fi_.ure 4 o2' reference. These initial condi-

tion errors are roughly an order ,of magnitud_ larger than those pros<mr in radio

tracking data_ provided the radio trackin!_ syster.i has been allowed sufficient

tracking time for filtering and smoothing its data.

The following conservative equipment errors were used as independent dis-

crete values in this study without re_ard to statistical variations:

0a ° : 2xlO -'_ radiaa = 40 seconds of arc ]

Oa 1>,10 -e rad.ian/st, c _ 1-, mer_

UYa_ -<rxs,,. = lxlO -4 g

Sxa = Sza = lxlO -'_ g/g

(el)

RESULTS _ DISCUSSION

The navigation errors in position and velocity during reentry into the

earth's atmos!shere were analyzed to establish the ran_e of initial condition and

equipment errors over which a linear analysis is valid_ that is, to establish the

range over which the partial derivatives of final position and velocity with

respect to initial conditions and equipment parameters may be treated as con-

stants. The results of this analysis were then used to demonstrate the use of

partial derivatives for estimatin_ the final errors that result from various com-

binations of initial condition and equipment errors with the inertial navigation

process started at various times before reentry.

The results establishing the region o±' validity of a linear error analysis

will be presented as follows: First, the relationship between the final and

instantaneous errors will be illustrated using trajectory 4 as an example. Then

the final errors will be given for each of the seven trajectories in fi_"ure i so

that the validity of a linea_" error analysis can be examined for' the magnitude of

13



_ _'±'ors _ iv<lL in <<luations (20) -_rkt (2t). Finail2 _, t_'ajectory 4 will bc us<0 s_s

k_i _:xtmY<_!eto demonstrate the ran_se of linearity of final erz'ors _lith respect to

initi_d, k'ondition and equipment errors.

The results of usin}_; partiu£ derivatives for estimating final errors will be
!_resented as follows: Trajectory 4 will be used to present data for curves of'

partial derivatives of final errors with respect to initial condition and equip-

ment errors as functions of start t_uo. T_ese curves will then be multiplied by
initial condition and o,iui_jmont errors as functions of start time to _ive c,_rves

or final c±'±'ors versus start time. The relative effects of' initial condition and

_'_l_-l! ....... t o_,_rors rosuitin_:_ from startingl the system oneratinc at various times
before reuu!t_'y will he c;<cmined, and ways of roducinis the resultin_ errors :rill
%< discussed.

_n;_ of Linearitv

For trajectory 4 the time histories or errors in altitude_ range e:.n&ie_

_l-titude rat<', and rankle ai_gle rate are sho_,a_ in figure s(a), and corresponding

<_r:'ors in velocity and flight-path arLglc are sho_.m_ in figure 5(b). For these

c<Lrv_s <C_I of the errors in equations (20) and (21) were used ms the initial con-

dition and _'_iuipment errors. In figure 3(a) it is seen that the errors change

slowly and remain sma].l for the first 30 minutes and then begin to change more

rapidly and to become _ lar_ie. The changing nature of these errors can be

expiai_ued if one considers the different behavior of inertial navigation errors,

in gener<_l_ <_bove and below circular velocity (ref. 7). It is known that when

r_) has been reduced below the required velocity for circular orbit at that alti-

tude_ the altitude error_ which is the most slguificant error, becomes unstable

and results in large errors after reentry is completed. _is instability is not

entirely obvious for the meditu_ range trajectory of figure 5, but it is rather

prono_muced for longer range trajectories. It should be noted in figure 3(a) that

the altitude error ms sho_._ remains positive at all tJ:_es; however_ different

combinations of positive and ne_iative initial condition and equipment errors

could have caused the altitude error to be more oscillatory in nature and to

become negative during part or all of the time.

The final errors in figure 5 exist where the error curves terminate. From

table I it is seen that the final time after reentry, t}, is 23.6£i minutes, and

this occurs when the "actual" final altitude, hf, is 26.75 ]_m_. This value was
used instead of exactly 30 }u_ (the nominal value) because it was the nearest tD._m

available from the computer data after 30 }un had been reached.

The final errors which result from applying each of the initial condition

and equipment errors el' equations (20) and (21) to each of the seven trajectories

illustrated in figure i are sho_.rn in tables if(a) through (g). _e results from

ii computer runs are sho_._ in each table. For runs i through i0 the final errors

are sho_a_ which result from just the initial condition, I.C., or equipment, Equip._

error indicated for each run with all other initial condition and equipment

errors set equal to zero. For example, in table if(d) for trajectory 4, computer

r_n i, with an initial altitude error of 5 }s_ and all other initial condition and

equi_m_ent errors set equal to zero, resulted in a final altitude error of' (j.i2_l_n
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and a final ranL:<, error of -!",.54 _._:l. The only other significant errors in this

table resulted from c_gro drift rate and acceleromcte±' biases (r£ns , 7, and _.).

Nhen _ !iRcar error analysis is valid, the esti_£ated, value o_' the superimposed

effects of all tke initial condition :,n(l ei,_r/!ulent c.r:_'ors may be o]_'taincJ as tke

alcebraic s_m_= for initial condition and cqui!)mont errors. The estLnatc'd values

of _.'(' _ t_il for altitude and -9{}.i}} ],:m for rani:e mat; %0 comprn'ed s,,_itk the results

of _'un ll, where all of the initial condition and equipmer:t orroi's were used.

For run li the final <rrors of }.71 for altitude and -j_'.03 for ranGe com,..are

very well with the estix_ate<i final errors Liven as the algebra:ic s%_n for initial

condit__on :_.nd equi]x_lont orrol's. Hence, su]oorposition or the errors is valid here,

indicatin,_ that a linear error ancoljsis is valid Yo±' the ass%u[xd errors. Similar

results for the other six tr_ojectorics _re sho-,,_ in the other p<_rts of -table ii.

The _rorst nossiblc condition _,_oRld exist if all final er_'rors ha<t the somme

sign. %_len the absolute magnitudes of the final errors in table ll(cl) s.re solaced,

the resultin£ errors of i:2.p< hn for altitude e_nd 72.75 }zu for range s_,'e seen to

be very l.%rgc. These lar_c errors are caused mostly by equipment_ _J,s sho_.m by

the values O±' 5i_._2 }_£ rot L<ltitudo an<-L 51.54 _u_l for rankle duc to cqlAi}lllont

errol's onkj.

The c_bsolute ms_cnitudes of the final errors for all sever: traScctories are

slmrl:i_rized in table III. Whep_ these are plotted as functions of final r_nse _ the

curves sho;.a_l in figure 4 are obt.%iKed. From these c,:rves it is apparent that the

errors ibr hi<h .deceleration trajectorios_ illustrated by the constant L/D

curves, are somewhat larser than for the low deceleration trajectories, illus-

trated by the variable L/D curves. From fig,are 4(a) it is also apparent that

the final r<n_ip _ rr3.rs illcroas<" contiuuously with increases in final r&ngo. From

figure i.(b), however_ it is seen that soma of the curvet for final altitude

errors reach l_iod&imu_!! values and then decrease as the final rs_nde incros_ses. From

this figure it can be seen that .equipment ©rrors, rather than the initial con-

dition errors, are causin&, the decroasin_s fir_al altitude errors. A!thoutql a

satisfactory explanation of this decrease in final altitude errors is not known

to the authors_ a study of lon<_er range trajectories not incl_ded in %his report

has shown that final attitude errors ros_ch a minimum value for a final r_tnge

slishtly greater than the lonsest ranges illustrated and then gcneraily increase

with further increases in fi_!al range.

Since a linear error mn&_lysis appec_rs to be valid for the errors in

equations (20) and (21), it is not surprising to find that the final errors in

table IV(a) for negative initial condition and equipm_ent errors are the negatives

of those in table IT(d) for positive initial condition and equipment errors of

the sane masnitude. I,_urthermore, when initial condition and equipment errors

which are ten times larger than those in equations (20) and (21) are used, a

linear error analysis still appears to L:ive approximately correct results, as

sho_.rn in table IV(b). in this table the algebraic s_zms of final errors in runs i

through i0 agree fairly well with the final errors in ru_ ii. Furthermore, a

comparison with table ll(d) shows that the final errors (as well as the initial

condition and equipment errors) in table IV(b) are approx_nately ten times the

correspondin,s final errors in table ll(d).

When initial condition and equipment errors iO0 times as large as those in

equations (20) and (21) are used, however, a linear error analysis is no longer

valid, as shown in table IV(c).



_lthou_h t_':_,jcctory ii }-_;_.s been used as an example in table IV, very similar

_ - ...... _,_ct,_les in figure 1.results -ire 'O% bctili_SC_ for _i_j, Of t:%e seven re@l'esentative _ '_-_ ..... -"

_x rsz%'i< st' errors for which a linear error analysis is valid can be more

cl<,arl'j O_c:;_onst±':_t_d if the final errors are plotted versus initial condition and

e quiix_ie_t errors. J_,jiain usin 6 trajectory 4 as an exam?!e, the ranges of linear-

it' 0 for i_itiat altitude c±u'ors a_nd initial range errors are showp, in parts (a)

Lnd (b), respectively, of figure P. Final altitude error is used here as an

_<am'._l_ _. The solid lines show the actual cud'yes obtained and the broken lines

show the ii._ear i'e_sikts. It is readily apparent that the initial altitude error

of 5 ]<m <_nd the initial rankle error of 0.5 kml given in equation (°0) are well

rithin the li_oar rs_nco of values. In fact, initial errors ton times these

v:C!,K'.s :__yo still we]! within the linear range. Additional data, pot included in

this re!_ort_ have shown that the range of tinearity for all of the initial condi-

...... r%ti.r_l a_d e iuif::iont er±'ors extends be_ond ten tgnes the values in equatior_s (__0)

_] (X). _c, ,=_r_'ors chosen i___ equations (20) and (21) a_'e cor_._rvative, so that

_-rrors lar: c±' than ton t_nes these values are unrealistic- for sophisticated space

<,.i_!_,lications. -R-_:ce, it is concluded that a iinoar error analysis for realistic

_'<'_<_t_,'y co__lditions wilA <_s<_allj' be valid.

Use of Partial Derivatives for Est_atin6 Final Errors

_o_,,, that the range o_ ii_uearity has been demonstrated to include conserva-

tive crr}rs for realistic reentry conditions, the use of the partial derivatives

for ostimatin_ the effects of starting the inertial navigation process at various

times be'_ore reef_try will be demonstrated. Cu._wes of partial derivatives versus

start time, obtained as outlined under the section entitled "Partial Derivative

" ±_rst be presented With trajectory 4!equations for Linear Hrror Aua!ysis, will _"_

a<S an ex_:um<_le a sot of these partial derivative curves is _iven in figures 6

tnromgh }. As would bc cx])ected, the partial derivative of each final quantity

with rcspe{_t to its initial value is equal to unity at the final time, and the

s,rtia! ieri\<_tive ,of each final qua_:tity with respect to every other initial

]_&a:._tity is etfial to zero at the final time. Host of the partial derivatives

:Iccrease continuously to the final values of 0 or 1. Sever_£ of them change

;_i/'._iS_ _t_l(l so;xe p[" tholK have abrR]ft chailges ],&hen the atmos,_he]'< is reached.

As the start time is delayed, the partial derivatives with res]oect to alti-

tude increaso_ which means that if an identical initial altitude error were used

(with the otbr errors remaining zero)_ regardless of the start time, then

smaller final errors would result if the inertial navigation process were started

well before the atmosphere is reached, rather than just iHaediately before the

_tmosDhere is reached. In fact, the worst possible t£_e to start with an alti-

tudi error o_ly would be just before the atmosphere is reached, since most of the

partial derivatives with respect to altitude peak in this vicinity. Although

this interesting result is contrary to the fairly cow,non assm@tion made in iner-

tial navigation that the smallest final errors would occur ir the start t_ne is

delayed anti! the latest possible moment, it can be partiallg explained theoreti-

cally if _,llii.tica! equations rot a nonatmospheric reentry are used and a perfect

inc_rtial navigation system is assented. When the equations of motion given by

equatio.u (i) with fx = fy - 0 (for no atmosphere) are used_ the vehicle follows

an elliptic trajectory in which radius of perigee is anal_,gous to final altitude.



_fl__o :..atria! <b: r iv: ,l iv, ,)r _,'_<di,±s of :,cri_uo with rcsoect to initial radius (or

&_ltitRik ) kas bile s-_u'_u showtl ill f'i_iz'e 10(_t) 2 -' 7" . Comfarison oY this curve with tile

the curve ib!' the partial d.ez'ivative of final s_ltitu<te with respect to initial

:_£tituC_e in fiiNmrc ,,(a) shows t!_at tke curves have si_t_il_r shc:opes. Fidure t0(b)

shows sol:is s2_,!ilarit_; to tt!<_ _<arti_L1 derivative o±' ±'in%l altitude with respect to

initial aititu<ic _'RZo s/lown in fiigurc _,(a), a_d figure 10(c) shows ver_ close sim-

ilaz'it_v to the partial derivative of final altitude with respect to initial range

&n,;le r_rtc shod.at in fi_:jure (s_) Tk< partial _erlVaul}.e of rattles of pori&f]ee

with z'os<,ect-to initi_l rani_c ctnsle is zcro_ since t]%£_ tl't!_jectol'j£ is ]]lel'ol_ _

shifted £hro,_tgh _ small anLqle az'ouRd the c_rth. However, as sho_.s1 in fisure _ (a)_

the partial d<rivative of finml altitude with respect to initi_l range an61e is

not zc{'o (_ _,t_o,_q :_ it is small en,ou_:i_ to contz'i]0ate onl2 _ a very small final alti-

tude o_,'rokt')_since an <_'ror in z'o,:_{,:c:_n::le causes a _kisalinement of the indics_ted

R!tdi aCt_L-I_I i_orizontal ':_n(i:vcrtictd <<.'_esso ths_t tlt< inertic_£ no,vi_::?%io_: s$,stem

C'O1]II_IA<,:_S <ii< _.:.Pi'O_l::: V,Et]NL<:' Of <i.ecolo±'sf[.i:D_i.

It is intes'csti_{ to note that the start thaw for tke riaxim_un values of the

partial derivatives with respect to initial altitude varies dependirs{3 upon the

particular choic<_ of independen-t v-<_,'i_<%les. _S_{_ V A and 7'_< are used as inde-

pe:'.dent v_,riables inst_x_d _f i'_ _<nd _ the, c,,_rves sho_,.m in fib<ares ll(a)_ (b)_

and (c) are obtained for tile _)_rtial 0_erivo_tive of radius of ])ori£ec with respect

to initial r'<,di_s_ volocrPt'j_ and fli:itt- _ath an_,ic. The eurve in i'ii<ure ll(a)

does not reach :t pekA_ %oi'c,l'c the at::_osi0here is reachect_ a<s does the corresponding

curve in i'is:_ru 10(a), al.thcush it _ioes increase in magnitude as the atmosphere

ix k<pproached (rel'. [%). _ilis dills%ft..nee in the curves or the partial derivatives

of r_d.iRs of po.ui!je< _.,_ith respect to initial rs, d_ius d:3es riDS i]-:plk _ that the RSe

of 6i£f'_< _t co}rdina%< sjs-t<_ms '_;,o,.tld z'<isult its dil'i'erent answers. _i,, results

for the t<,,o coordinate systems wo,R!d be the s&_me sincu_ if one ass_unos statisti-

call_; ktncorrelate£ errors in one coordinate sjstem_ %he coordinate transformation

will 6ire correlated errors i:_ the other coor,tlino_tc s_sZem. The curves of fig-

ur('s ].0 <_r!d ll o, ss%IKi<_ ullcolq'e!ctted errors i[i each coordirld_to s[jsto_il.

For an act_al inertial navisation s_,'stem being used on a vehicle_ no one

Rnows who, t the oz'ro_' correlation will be; howevez'_ it would seem 0_esirable to

s.void a,_'_£_'situation <,rhich miiht n__'oduce lu'_i't.leerrors. Since tke effects o±' _n

initial _ltitude error %_ itself ms%_ be z'mther larg:e_ as previo_tslj illustrated;

it woe!q] be wise to consider the <,ossibilitv of reducinij the effects of the

initial altitude error ]]j putZ Ln_ the ii_itial conditions into the s_stem and

starting its op<ration _'_tsome time pz'ior %o ti_t i'oz' which the partial deriva-

tives with resouct to initis, l altitude reach mt_,xim_un values.

The _.:,artial derivative curves shown in fid_tz'cs _ and y will now be used to

estimate the <.ositi,o_ or_'o_'s whicl% rc_sult from st:_2'-tin£ the inertial r,:avigation

process at cliff treK% times %ei'oi'e rcentr_ ,_. Tke estim;ation procedure will be

illustrated _±'a!:hics_ll_ ,_. For illusti'_i_tion i% will be assLur_ed that the initial

condition and <,:lui[,ment errors in equate%ions (20) and (21) are those at any start

time of the inertia! navi_gn_tion process_ ±'ecardlcss of the i_itial time or alti-

tude. }£;ten the el'rots in equations (20) _tn<] (::!l) a_,'c multiplied b_ _ the appropri-

ate eartial deriv<:,tives at e<tcb_ st&,.rt time in fitlturos <, and "[_ the final errors

sho,,.s_ by- the solid lines in figures 12(a) and (b) arc obts, ined. The fin_l errors

for initial range _n_le error_ initial s,ltitud.e rmt< error_ initial ran{!c angle

2_].e c qustions for __z_'__trcs"] - 10 s, nd 1! o,re derived in the ,,q:,_nendix.
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rutc crror_ initial misalinement s_mgle, and accolcrometer scale factor uncertain-

ti_.s ar'_ too small to be shown. Hence_ for the assmned errors the only signifi-

<_ant cq,_ii:_mont errors are gyro drift rate and accelerometer biases. The s_ of

t_ho absolute final altit_tde error for all initial condition errors is approxi-

_:<_t_!y _qua! to the final error for initial altitude error only. The broken-line

cRrvcs in fi_re 12(o)., rcprosel_t the s_i of the absolute values _ finaJ cltitox]_,_

<_ri'o±'sfor eqaipment errors only and for initial condition anti equipment errors

<'ombined. It is six__ifica_nt tkat the final altitude errors due to equipment

<_r_'ors Secrease as the atmosohere is approached_ while the final altitude errors

due to initial condition errors inc_,_ease as the atmosphere is approached. From

fi{:ure !2(a) (top curve) it can be seen that it would be desirable, from an alti-

tud_: error standpoint_ to start the inertial navigation system between 20 and

_0 :_'inures b_fore reentry.

To illustrate the accuracy of this estimation process, a set of estimated

final errors will be compared with a set of computed final errors at the partic-

ular start time of 3.5_ minutes before reentry. The estimated errors obtained by

_<itiplying tile partial derivatives by the initial condition and equipment errors

a!'e sho}n_ in tart (a) of table V. The computed errors obtained from !0 separate

comr}uter runs started at _._o minutes before reentry are sho_a_ in part (b) of

tnb!e V. Host of the values in the two tables agree very well with each other

b_t some of the values for accelerometer biases do not. As shown in figures 6(b),

7(i0), _(b)_ and )(b), the partial derivatives with respect to Ux and Uz become

quite small at to .>_ minutes Because of this, the partial derivatives

we±'o determined with insufficient accuracy, which accounts for the discrepancies

between tables V(a) and V(L) for the errors in accelerometer biases.

Some consideration will now be given to the magnitude of the final errors

obtained. From figure 12 it is apparent that the final errors for combined

initial condition and equipment errors are fairly large, especially when it is

<_onsidored that the final altitude error is somewhat larger than the actual

final altitude of about 30 i,:-_and the final range error is much larger than the

valL_e or several kilometers desired for convenient recovery of the vehicle.

AlthouN: trajectory 4 i_as been used as an example, figure 4 shows that the errors

for this trajectory are the s_rle order of magnitude as the errors that would be

oXgccted for any other reasonable trajectory.

It should be emphasized that the results presented in figure 12 are based on

the main ass<u_Jtion that the initial condition and equipment errors are the s_me

for any altitude before reentry. The same procedure may be used to estimate the

starting tg_e effects for initial condition and equipment errors which change as

a function of altitude. Depending on the method used for obtaining the initial

conditions, ti_e errors may or may not be significantly smaller near reentry than

"_n hour before reentry. From the exs_mple illustrated in figure 12 it is apparent

that if the initial altitude error is several tJlnes smaller near reentry than an

hok_r be±'ore reentry, the final errors in altitude and range will be reduced by

starting the inertial navigation system at a time less than about 20 minutes

before reentry.

_llen the inertial navigation process is started about an hour before reentry_

tlle final errors result predominantly from equipment errors, rather than initial

i<



condition errors. Accelerometer bias and gyro drift are tile chief contributors.
Using the outfuts of the accelerometers as zero above the atmos_ohere_so that the
biases are not integrated prior to reentry_ c_n greatly reduce the effects of
accelerometer bias. The final errors for trajectory 4_ calculated with initial
condition s_ndequipment errors of equations (20) and (21) but _¢itb_accelerometer
out_;_ts of zero above the atmosphere_are shown i_,_table Vl. Corn[arisen of this
table with table li(d) shows that leaving the accelerometers off above the atmos-
phere produced muchsmaller errors due to accelerometer %ias_ but did not signif-
icantly affect the other individual final errors. IIence the s_m._of absolute
values for equipment errors and the s'mrlof the absolute values for initial con-
dition and equipment errors are reduced correspondingly. Thus, leaving< the
accelerometers off above the atmosnherehelps to reduce the final errors.

CONCLUDIHGI_"'dC<S

The final errors in position and velocity whenan inertial navigation
system is used du_"ing reentry into the earth's atmospherehave been analyzed for
a given set of initial condition and equipment errors. The analysis has sho_m_
that for realistic errors and reentry conditions a linear error analysis will
usually be valid; that is_ the 7oartial derivatives of final position and velocity
with respect to initial conditions and equipment par_neters maybe treated as
constants. Also_ the analysis has demonstrated that these partial derivatives
can be used to estimate the final errors which result from using various combina-
tions of initial condition and equipment errors with the inertial navi6ation
process started at various t_les before reentry.

Someinteresting error relationships were revealed by the analysis of a
specific reentry from a lunar trajectory, lTnenthe inertial navigation process
is started just prior to reentry_ the final errors resulting from initial condi-
tion errors predominate_ but whenthe process is started well before reentry
those from equipment errors oredominate. -\ititude error is the most significant
initial condition error, and accelerometer bias and gyro drift are the most sig-
nificant e_uipment errors. The final errors due to accelerometer bias maybe
greatly reduced by treating the outputs of the accelerometers as zero above the
atmosphere.

Although a specific reentry trajectory terminating a flight path from the
moonhas been used to a large extent in this report, sufficient consideration
has been given to other trajectories to indicate that these error relationships
should also exist for any realistic reentry trajectory.

_%aesResearch Center
National Aeronautics and Space A_inistration

Hoffett Field, Calif., Feb. 21_ 1963
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i]!.]!Ti!V_S_'IOII OF P. GIT!_A, D :HIIV:kTIVI]I; i,'OJl ,i LLi.li'i;

'i_[!<:, <[:,.I.':LI _:h':t_("s or t!!_r _:,L.rtii_[ :i .riv:_i;<]\,_ c _r'v-<_r= _ ..... __.. _

bZ[ Id.%-l'ti'_ !i_ _ £XI]iILI__IC'C, if' ,_:l_t-c_o wir.rhio:K: .;,i' U. /}OIL%'.DHLD£>!)]!(IFiC I'L<'IiL.I'/ L'£:

{s_d _old "_ _]'fect inertial navifptioR __'yst_:m is o sstvio(!. ±,b, thikb:] n:v]_iiti)1;s,

:]i:ii'_:ronces b<t_-ee: ir_9ic_,%<:<i e LXL ::/._.<u_7_,l!ieticsl trtjecto_f(s ',.,[ilI t . t t

TI<;: LL:iti'_l comdition c±±o±s ottly. /or SLLoh C©i[l[)[i,risOiIs %ii< ]",i; J; U2 [ 1'_[',_%

is u nalo Ous %<9 fir-El o!titudo :tnd !a_tiul d<miv_%ivos of rs<ir:, , ! _ L <<_ : i'<

: :_]O,OLU: tO p<Lr%imi d<:'iv:.tiv<)s of i'int<l :_l%it_u]c. (i; ;i :::_L::Io,:iosi Oi i' r :_i-

(,i.<_i :.]<l'-V<_<, V<S OIL 2'in<,.k _'LI::<, Ilnt,i u,±%i<,_do _'-_t( , :_:{i _ ] ,,'_] r" i::c' t'_%: ,:Lt'<

.'ikb.'[i I_101" N [ L'L'L',:_tlL to N::L,'_ i:_ ::_i::i t __] ] ] _>:!Ji;J l"' i.

it she_ilL[ be KOtC@_ %kLut the ::akrtie.i Cte!ivt_ti_A:s of ±'u.ci.<s :,i'!<riiec <=_

ol<ky <_RalocoLS to th_ _:artiai derivu.tives of _kr_&_, ultitude, u.nd thoj di:i:fer it_

d'.L'%._C'I'I!__ 1'(2S: CCtS. T]!C }_IL)S% Ob\.'iC).IS <]iJT'I['<]'<[ICCS I'CS'_Lk[ ]'_",L)/Zi ilk<_ t,.Ic ,s _._'_, <- ,s h>k' '_I._IIi,S_ '-

I:iLCZF,_L_IK[ tkC C_SS_U_li)DikHL O1' .r i<ri.<:ct iRofJ]i&l :qRyi ¢.%,zl=.qk_3,o...........o<_=_. :< ] _s:; ob%,io k;:

<li:i'f<_(_(_e _s tlKtt the pa;'tittl derivatives of fi_i<:l <dt:tt_ < _ro fo_<_l by '_ :_

the LL:ii'l'er<nc< %etweorl tho ind_ic_tted _:.nd &ctu_i altib{_.d< o.t somc _,<_i<,ic',tlrr 2'ino.1

<!.I[,,'_ !'_heli'CCtS =bho 11< ]'tJ,o,l ;i£_ivs.%ivcs of r:}d-l<l.s ,_i-' p< :,iC<_- &tL'C cs.i<:_tIk,i:<_i kS Oh

,Jii'g_ '.'L::l_l<:' in ±'t<[ii Oh' _)11'i_':(0 I'L)L' b_/< S.:._tLtLtl SHILL] iIi,]iCLLLON ,.'!±±I,%1':.1{_± tr;kjoc-

%O_ Les. Tltis dii'i'crcKcc is not tho_Lght tO 11)(_%00 siii:zLil'icu._rt, how<v<_l'_ s i_tc( the.'

!ii:tic: i l<_th;; :_i'. n,zL_±'ly i)arsllol %9 ti_o <s.rth's surf'L_co s nJ %0 <ach :)+her i_

ti_< V i<'i_Lity oi' t!'_<' _'aJius of pc/'isue &r_d six, co the t_z_e %<:,twee_ ti_e st<u'ti:_ <

_ -)-:rt L_n.{ tile L'O.<i[-i,As Oi.' periL<o is ".<:._ rl'j tko sLtm,:_ ib.r %ko i, wo _ ]].iptJ_!_.i

t_'ujcctorics •

To obtL_in the .q_prop±'iabc !urtiu.l derivatives; it is desir_:d to _i_N < i i -

±.ions Yor L'r_ i__ t<n'ms of ]_:,o%!,_ %h{: :_', :)_ r_ s.nd J Lu_d t!i( r, ), V_ :%rid 7'
=

....... _ ....... F()]' simI !icitV %)LC do rivL%ion )I' r[: will Lo rot<de iZ tc:r:ilr." oE tku z';

bl, _Z LI, L:,: S_:,_st(q:, L_I_<L _ho @.:!!_LLL_i:L}:I ill thk) r, !_ :_'; "iZIN ,') SVS%i<:I will _}l<ii

1:+:' :L'<._L_Q m_:,rci/,,' b'j SLN_,S,DiDLLLi_kI: t:i_-: ro]_ tionshi.i_s

I

T

I_
re

Sk,.'.t'_!h (d)

V c<)_; 7 : r9

")0

which az',._ illustrated ir sketci_. (d). It

S}]O'9.l(ibc ObSL'l'VCd thu:t s]etch (d) ,:Nf2<±'s

s]i_,ihtl.'j L'rom skctck (c) Lc,c'-_us<_ iNK> rots.-

tion or the earth is not eoLksid<_re<i i:] the

culcul:rtion ol' V an<] y.

The equatious /'or an ol'bit descril:_ed

%y an clli_)se _<ro well k.uo,_,u_. The follow-

ing equ_Ltion for pp will Le tts.__.d __s e.

stLtrtin C point in the present d<_rivt'.,%,ioR

(re:['. 2, _. 24).

::!0



r? ==
/

!l - 11
q

rV2 cos2 ?i:'"± rV2) (25)
lJ. " N-

This cqus.tion ;nay be differentiated explicitly iq this i'or:n to obtain the _artial

0_eriva_tives of rp witk respect to r_ V_ a.nd ).', but %he results o.re d_irl'icult

to sJ_@>lify beec_use of the ]_resonce of the z'adi,'_:al. A si_:pler spl;roac?- is first

to remove ±he r&Ldicai ]_y trs.nsforrin;} ever_;tkini" exceF.t the radic_l to the left

side ok' %ke equ.Rtio_,_ sn_i th<R s.iuarin_ both sides o.17 the eNR&tio!l to ob-8@ii]:

. rp .... rV_:,,,,2_ rV _ cos 2 I 9 (2;_)1 _--" 2 + _'"'-' I = 1
r r s , IL t _ "'.

Now_ stlbtrastins i from each side el' this c_{J._,.tion_ th<n multiplyin{_ b._th sides

t)_,- p.r'/[2 - (z'VS/z)]_ o.nd then tran;:.posin{< ovc±'}'thi_.: %o the left id<..sf the

e _i A % tlUll } 1 ires :

-2_-p_, + _,_v':' oos_ y + _,,_(2_ - rV_) - 0 (2_)

This equo.tion is now in _t simple form :for ]_plicit dil'rerentia.tion_ and . qu:_-

tions (22) may be used to rcw±'i%<! it in reruns of r_ r, s.nd '5

-',_i_,.rlo..+ _._,}_'_-rp_Ea..- r(P-'_ ."4,')]- 0 (2_)

_,,S_en equa.tion (F'_,) is differentiated i_splicitly_ the ibllowini st.rtial deriva-

tives of rp with respect to r, {'_ and L are o%tsined:

brl-,

jr

%rp r 1:,2_r J"

%i, -_._.+ r:_[2_ - r({o'°+ r2_0s)]

b_'_- -_r + rp[q_ - r(i "_ _ r_Oa)]

Similarly from equation (2>) %ko followi:_!< r,,'_u'tialr-',of

V_ s,nd 7 are obtained:

_Z'p 2_;z'p 3rSV; c os2 7 + ±'_1R-V_

Or o . (:.I'- _'v_)-,=l_l.1 _- /!l'p

,_rp -rSV cos 2 9' + z'pnrV

:OV - -_.r + ri_(2_ rV s)

;_rp

_7

rSV 2 cos £ sin £

-l_r+ rp(2_ _'V2)

r:, with respect to r_

(s/)

(28)
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For both systems the partial derivative of rp with respect to 0 is zero,
since _'u is independent of 0 as shown by equation (23). It should also be

inmlediately recognized that the _artial derivative of r_ with res_ect to r

is diiforent in equations (_I) arid (,_C), since diffe_._ent quantities have been

attuned to remain constant during the differentiation processes.

To obtain plots of these partial derivatives versus time, several other

_ __._e is obtained by usin,_ Kepler's equation, which canequations are required. T'_•

be }_'itten as

t_ : E - e sin(E)
[-

(2'_)

where tp is the time to perigee and E is the eccentric anomaly, given by

s = cos-i a - r (p)
a@

The t_ne at radius_ r, on the ellipse can be obtained in terms of time after

reentry_ t', by subtrctcting _0 at r from t_ at an altitude of 121.>12 ½n.
The other equations needed for an elliptical trajectoi_y in addition to equa-

tions (22) and (2.7) through (30) are:

v-° (£ _ il
= bt \_ a/

K = rV cos 7 : r_8 : constant
} (31)

How, there are sufficient equations to obtain the plots sho_m in figures i0 and ii

using the values for a, e, and H in equations (17).

,D q
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TABLE Y.- DATA FOR TRAJECTORIES S}IO_ IN FIGDT{E i

l_r_,>:_c%ory =l 5 3 _*< 5 6 7

li'i:i,_l r_P.:Tie_ _ w ,

rEef, km 1,510 j,]__0 7,930 9,7£_O "0,940 20,9_0 27,830

P1 n_l time, , _..... , _ ..

t5', rain :'P' :).1_ 1:×.17 <_.!_D %9.:"{ h7.<l 67.17

Yinal "_,ititude

( heroin2! _,C,km), 2'7.62 29.50 P6.51 26.75 2"9.57 2_J.il 26.22

hf, k_m

,,c,
L,/D• .05 -': .... _ _'1 .;' -:i. 2;_1 b . ,°_j _,: .7'SI_ '." • 27

}eLk ,[eccloratien_

9.45 4.37 6.59 2.9j 6. _i 7.97 6.1!

,c-....

7Ao, ....... "i'-4414 -77.4 hi-", -'(7.44!L -77. LO70 -77-4414 -77. _© 6!_' -77-44!b

_'AR' de_T -6- 4795 -6.) 7)5 -6-4795 -5.8560 -6- 4795 -5. b629 -6.4795

VA _, 1,_ s e_e 4. 7999P -,.' 70!)2 4. 7999P h. 79<oc,,,_ 4. 7999_: 4. 79992 •%• ,' )9:i!2

.....•AE, mrbis ee 10 • _!4 _'6 10.51436 10.914_6 10.51-,8_5 10. 51436 10.51515 10.51436

N ,[,.: Nxeept ror changes in ?A ° ibr the variable L/D trajeetories_ the Jniti_tl conditions

hl _btl'4i,>ns (1 _) ,!nd (19) were used.

TASLI;] ii.- ],iN,'d_},]C%3R EE[UrD?IN(_ K{OH _diORS ASL',!_,_2DI[( EQUATIOKS (_O) _[D (21)

{u_ ]Tr:rtraflectorv l

] Fina! errors

Hi.tX

7

1<_%

%
%

e2

•.Q,

Lnitiml ro%,o
c ,ndition_ •

}tt, :

r,D!'iC, P

t" !)91 _ =

: O. 5 M>a

5.0Xl0 -4 >m_l/s ec

= 2.0xlO -s M%/sec

-'.OXIO -4 rmdian

Alt it ude,

her_

km

R6LD{r,e _

rH@ei.;

k_n

Altitude rate,.
-
-_ef_

10 -s ksn/se •

6.!{

-.0'.2

•44

•i0

-.21

<4.61

.1%

-2.92

-.i0

0

LJl. 2

-.21

]--gz

.1L

-P.O4

Range rate,

rE_ef_

10 -s Rsn/s ec

- _. _4

.01

-.O8

- .0!_

3 : 1.0xlO -_ rs,dimn/seo

'_ i axlO -4
, X_ t = . _ _7

rT : I .C,x Re -4
Z S

_x, = l'OxlO-4 ""

<_ : l.OXlO -4 _:,

(t,' _s 1 th:P>_¢h 10)

R,ans ! filly la[Jt i. I

t<c2s [ thz'__'<gh i01

R,_ns i thr<}_gil 101

-4.0 S

9. !,'

• !0

.05

-.05

12.43

6. ¢)

14.4(]

Pl.15

-.06

-<_,. 5 _

8.9:;

-.03

-.07

-17.31

17.76

!7.67

35.43

-;9-99

z5.24

-2.92

• k9

-.45

-ZT. 6_

16.46

6m. LD

77.5)

-i. 4 4

-8.Ok

2 < 5

-. <:

-.6 9

-12. )f

31. ;o

7b. 5_

iL Fin:_l err,r)rs fr,m '<ll _niti'tl condition
12.42 -17. BO -2_:.64 -!3.0!

!uld equipment err._,r£.

i_,2L{<R:r:t]<'s m_ c_f finRl err,:,rs rrom initi:_l condition _n,:]equipment errors

_[!lm_ _p rRoSOlUtO y.zlue_ "f'. final @rI+L)I'S -_2",m l_'_'_#][t]_ c,:t.t-idJti.nn c_rrors
c

.4, m_ ,r "d)se!ute values :-I > final errors from eq, d[m, ::t mrr._,rs
de,
, m_ ,)5 t_bse,lute v_ltu-s ,el'l'[n<tl errors from initi_& conditi n _{r'_dequipment errc,rs

:24
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1

P ]::it !hi
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q':', ri'

r

[

CI'F t'X

:)

/ I,

11 = %.(, km

y ;, = (:. kl:t

}!L =: : • f''%,_] C: -4 ":PL _';'

........ 5 _ff _IL. : = : .l..:XLkl }:IX _!?({

"[C_ = L l:':X] _:I -'j :':_I_' [[ :'{ i7"

%< = _ X l 1-4 _,

= L.(:X klO-4 !:
- D

1 .c,--, r, -4 ....
AN

" = ] .IBIX [i:_ --4

L Z I]ll:_: 1 %i!r_ :i:: ;_1

Air Lt_ ]c,

k r]l

_L _N][l?ll ]Y'r ]'_ il_' ITL "li [: it:,:_l : n:iiL!:::

l t :l _,lI ![IlU [!{ l ['!'_I!'S
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-. Lg

-.6;"

-!2.

! . r
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-6. {1:

]{l. ':!_

kXk

-I ,. :7

• L-

. }1

-. LL

.'_IL

• 7<

-. [L

-. LL

117} I --:S }::]: ' ],}l}

: }.OL
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: Ci I' "l ]t:[ ' rt_ t

-0. L,%

-. C 71

. _I ;I
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-. 0
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( ;::_ 7l: '_I fr:_. e.ct: 7.... ,
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-i .]L
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-6o #lp
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-. !7
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1 -J_{)

Z _I " l{ :l
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• i

: I

LC::

T!!li'1

CI :lrldi I, LO:I

@/'FSFS
": .()XlC '-_t ]<:H '::' (3

• = _ . C _K] :711-9 <,1[ gL _::t

_'i:Li.) = 2.Ut<_- -_ t"_ ]{:{tq

• = ],0IXLCI -: !'qdil_nl'COC
H

r r = L-C x18 '-_ u
X 3

TT = j .OX]O -4
t£. I

: _ .... ] "CIX_0 --4 _ ,'l

AN

: Ii r , : l..{iK LC -4 /_

N_,_, (i£ _ILSI I t}]T":ll [!] _ If) )

L'Z IE>s L tht::IL h L[i

c_ i:<:ms Si i_[}T'('I]_I::[_ _ol

d Z II la[Zs1 thr ,{ch ZO[

-.i±

-I. 07

-21. _:

17. _C,

6, _:

.!l

::'. _)L

{'.

>5. bP

-2.:,9

1%.0;

-PL, • i_dl

< .lC

.Oa

- ; 07

: 3-0'(

6_. Y

; _+ . }Ff I

-. <)

[ . )

-_. O7

-6;.6h

li .i }ili

• f f)

-. (_)

• 1)

107.6b

[ !lP.]7

L.Lb
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L • !10
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• 7'1 _

6.L5
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_Q. :,:i
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TABLE II.- FINAL ERRORS RES[Z,TIN_: _07,I ERRORS ASSD_D IN EQUATIONS (20) AI'_D(21) - Continued

(d) For trajectory 4

Final errors

RL_tl _]'!'or S ass d[le<i

1

2

4

5

6

'I"

9

i0

aE (}_

e X

dr.

Initi_l

condition

errors

Equipment

err Drs

'hoe = 5.0 _m

I r°!e° = 0.5 k_n

heo= 5.0×10 -4 kxrl/sec
t -5

rE, e_' = :'.OxlO i<_%/sec

":_ = 2.0×10 -4 raJian
! '.q

I0

Ja = l'OxlO -6 "radlan/soc

Jxa = l.OxlO -g g
q

],, = !.0xlO-4 6
-a

Sx : 1.0×10-4 g/Y
a

S,, = l.OxlO-4 6/g

,ms ! through I0)

},',his I through 41

Runs b throuch i0!

R-uls 1 through i01

ii Finzl errnrs fr,:u_l all initial condition
9- 71

and equipment errors

(e) For trajectory 5

Altitude, Range, Altitude rate_

her, rEi_ef_ _[ef,

k_l _n i0 -a k_I/sec

6.65 -19.54 23.47

-.ii .21 -.30

-.93 -1.43 .52

•15 -.2_ ._6

-1.12 .85 -2.99

-23.6_ 16.6_ -67.21

17-77 -_i.1!! f}.72

!l.c_ -2.14 14.52

-.02! -.32 -.15

-.52 .22 -.62

9.79 -36.93 7.32

7._4 21.41 24.65

54.72 51.34 125.22

62.56 72.75 149.!!7

-37.03

5

6

7

8

9

i0

a E

b E

I

2 Initial

cp,ndit i_p_

o]'roI'S

Equipment

errors

j heo = 5.0 km

r !)e = 0._ k_lo

f_c_ = 5"0xi0-4 _,-sr_,/sec

rc_eo = 2.0xlO -s inn/see.

_]ao = 2.O×10 -_ radian

_)a = l'OXlO-e radian,'sec

U = l.OXlO -4 g
- X a

(
Uza = 1.0×i0 -4 g

Sxa = l.OxlO -4 g/g

Sza = 1.0×i0 -_ g/g

(Runs i through i0)

iR ms I thro_',gh 41

C_. IRILns [_ thrn_R<h i01

d_. IRuns L through i01

ii Final errors from all initial condition

and equipme_:t errors 7.23

Range rate

!0 -s Rsn/sec

5 .O2

.02

i.89

o

• 17

1.59

-3.14

-9.84

-.60

• 17

-4.72

6.93

15.51

22.44

7-31 -5.04

12.20 -29.64 3_.$2

-.17 .42 -.47

-.33 -.15 ].00

.18 -.46 .55

-1.65 2.!17 -4.71

-34.30 55.52 -107.00

17.2k -b2.70 5}.29

15.55 -22.96 27.31

-.19 -.17 -.i0

-1.09 1.37 -2.00

7.44 -45.92 !i.69

12..98 30.69 40.84

70.02 135.59 196.42

-46.10

.64

.03

• 89

.01

.32

3 • C_!

1.59

-i0.48,

.21

-.04

-2.95

1.57

16.52

18.o9

8-78 -3-_5

S. , .
Algeorzzc s:m_ of flnal errors rrom initial condition and equipment errors

bS,us of Rbssb_te values of final errors from initial condition errors

cs_m_ of rd_solute v:_lues of final errors from equipment errors

ds,u11 _i' n_solute v_l_es _f Final errors from initial condition and equipment errors

_6



TABLE If.- FINAL ERRORS RESULTIN(: FROH ERRORS ASSIR,_ED IN EQUATIONS (20) AND (21) - C::?ncl,_ded

(f) Frr trajectory 6

Final errors

Run

i

2

3

4

5

6

7

,3

9

I0

at.

hr.

d£O

ll

Initial

condition

errors

Equipment

errors

Errors ass 4reed

'hes. = 5.0 km

ro@eo = 0.5 km

heo = 5.0xIO -¢ km/sec

" = 2.0xlO -5 km/sec
I'c,(/ec '

"0ao = 2.OxlO -4 radian

_'a = l'OxlO-e radian/sec

( Uxa = l.OxiO -4 g

Uza = l.OxlO -_ g

Sxa = I.OXIO -4 g/g

Sza = l.OxlO -4 g/g

Altitude,

hef_

km

(Runs i through 10)

IRuns i throuch 41

Runs 5 through i0{

Runs 1 through iOl

Final errors from all initial con<lition

and equipment errors

7.00

-.07

-i. _0

•13

-.66

-16• 77

9.73

r] O7

-.28

-l. 47

15.18

8.6

47. ':3,9

.56.48

Range_
r ,i
E-ef_

km

-18.79

.31

2.67

--3_

1.76

3_.90

-_.9 s

-3%,96

.18

2.!5

-58.14

22.15

117.93

z_0.08

14-9_ -57.9 k

Altitude rate_

her,

I0 -s km/sec

_7.36

-.32

-2.<0

.49

-3.16

-91.!17

44.12

44.76

-.06

-3 ._4

25.9_

30.57

176.92

207.49

25.63

Range rate_

rE_,'of _

i0-s k_m/sec

4.8!

-.0@

.LB

.10

-.83

-_.p

Z4.36

-_-57

.03

-.lO

-P. 13

_. 44

39.19

_.6,

-5.64

i

2

3

4

5

6

7

(g) For trajectory 7

S

9

i0

Initial Iroee o
condition •

he_ =errors ,_

r "?
i O,eo

5.0 km

= 0.5 _

5.0xlO -_ ._:/sec

= 2.0xlO -5 Ym:/sec

E qui pme nt

errors

"Oec = 2.OxIO -4 r:zdian

_a = I'OxIO-6 radian/sec

Ux a = I.OxIO -4 g

Uz a l.OxlO -4 _:

SXa = I.OxI0 -4 gig

Is l,OxlO-4 _/_
• Za

a_ (Runs ! through I0)

b_ IRuns i through 41

c_ ]Runs 5 through i01

d_. ]Runs i through I01

11 Final errors from all initial condition

and equipment errors

_i.35

-.13

1.44

.23

-1•29

-30.03

11.55

_.19

-.56

-l.29

9.46

23.15

52.9_

76,05

9.12

-51.o6

.55

-I. i0

-.66

4.23

5o. 9s

-53- 88

-44.15

.72

3.5_

-60.89

53.37

187.44

24O.8l

-6o. 53

66.07

-.62

2,44

-6.24

-15o.1o

65.85

41.57

-l.O6

-3.89

14.5£

69.97

268.69

33_.66

14.59

_.44

-.]__

-i.ii

•i0

-I. 32

-3o. 39

!_. 13

11.09

-.46

-.25

-i. '90

3-78

61- 64

65.42

n f-D.%O

a h• Alee_raic sum of final errors from initial condition and equipment errors
bS<m of absolute values of final errors from initial condition errors

d_lim of absolute values of final errors from e_ipment errors
Sm_ of absolute values of final errors from initial condition and equipment errors
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TJ_SLE IV.- FINAL ERRORS FOR TRATECTORY % WITK VARIOUS INITIAL I_IgRORS - Concluded

l{1[rl

i

2

J_

>

i

,f,

!,

9

IO

a_. (RLms

bE IRuns

dE I Runs

!!

1

2 ¸

3

<3

7

S

9

]o

(b) Initial errors ten ttrmN those in equations (_q3) and (2'1)

Final errors

he = 5.0xlO ksn

Initial r</!e,' = 5.0 }L_
c,)nd £t i,,n
errors tie, = 5.0XI0 -s !,ul/se,t

Equipment
errors

= 2.0×10 -_ ]ml/sec

= P.OxIO -3 radish

"_ = I.Ox10 -s r'tlir_ ,'_:ec

( Kx< = l.OXlO -s g

IL, = I'0XIO-S g

x a = l.Oxl0 -3 g/g

i Szr_ = l. Ox!0-s _,'!'i

i through i0)

i throug}: L l

5 thr<:uigl 101

I thrcui}h i01

<n'r_)rs fr,::m_iI h_itial condition

eq tipment , rr,,rs

(c) Initisl errors one hun_'ed

Alt it-<,de,

hef_

km

67• 99

-1.12

- t. 27

r_,l
f, of _

]£u1

-19_. {}

f. 14

-].k. <4

Altitude rate_

hcf,

i0 -s kN1/'s ec

-} .oi

5.27

2an_e rate,

rE_ef,

i0 -s kd%/s ec

51.24

.]7

19.01

'keo = 5.0xiC ,e !_n

Initiol ro0e, ' = 5.0xlO ]_l

condition h e = 5.0xlO -a lgn/sec
eri _l ;,rs

r _'_ = 2.Cx!O -s km/sec
o e,,

"t_ = 9.OxlO -s rn, disn

_!_a = 1.OxIO-4 rs-die.n//sec

Eq _ipment

errors

Uxa = 1.0Xl0 -s g

UZa = I.OxIO -s g

Sx a = l'0xlO-S {%/g

•8z a : l'OxlO-S g//6

1.55

-li. i6

-2 -_2.54

L7'). 3o

116.41

-5.25

1.05 _• _:7

7'}. 91

5L!,. i:'_

<,p4 7 '_

9 ,°,. 45

times those

-2.35

3.53

17F.l_

- _0_!.92

-21.21

-_.39

_. 21

-316. L4

f14.61 _

511.20

7S x- :_©

-364.5 _:

in equat i 9ns

3.64

-29.90

-672.71

Y)2.9_

-1.5o

--'. 24

6 }. 51

747. _o

1247.94

14}5.24

_,'_.49

(20) and (21]

az (Runs i through I0)

b_ iRuns i tkrough 41

c_ [Rur.s 5 through i01

d_ !R_mus i tl_rough i01

ii Final errors from all initial condition

und equipment errors

;30L. 6l

-11.2%

-<. 24

15. !6

-ii0.50

-165% _. 57

i886. lO

1197. !15

-2. i7

-5_.58

1979-13

914.49

4907.27

5821.71

lO_b. 58

-1915. :%{<

2'1.41

- 149. S,)

-9,. 47

'_. 55

2o_ 6 °

_-2618.5l

-19 _. 67

-32.02

22.34

-2575.00

2115.13

5185.7]

7300.£4

-7035.27

-{o.o8

63. $7

_6. }©

-2]!_.82

-5692.00

_4_L.i0

13,c7 . 22

-IL. {37

-62.99

1146.27

2458.59

lo886._%

13345.39

199.06

-.02

1.77

33.68

-2{3.12

-95. '9£

-6.03

1.75

-2o.53

70.44

165.55

_3_.77

-52.63

5_5.2i

1.77

193.49

-.15

_i.o9

3OO 4.98

39- 48

-756.52

-(_. 42

17.71

3o 49.74

783.62

39o0. io

L683.72

-618.11

9

Al_ebrsle st_a _f final errors from initial condition and equipment errorsb c ~ -

Sum of absolute values of final errors from initial condition errors

dStUn final errors from equipment errorsIOf absolute 11al_ fez Of

SLum of absolute values cf finsl errors from initial c,mdition and equipment errors
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TAS[,E V.- FINAL _RORS FOR TRAJECTORY 4 WITH START TIHE OF _-5_ ]{II[_lfESBEFORE REET_rRY

(a) Estimated from partial dc1"ivatives

Final errors

I

2 It_iti'._i

conditi m '

errors

k

7

Eo ,ipment
!: e I'1'2)i'S

i0

Errors a _ s uicle ,;i_

r

ho_ : ).0 km
<[

r ) , = 0 • ,_ km
., _z :2:

['. : %.0×]0 -4 l_n,/sec

= f.O×lO -5 km/sec

-ii = 2'.Oxi0-4 radian
' a 0

3 = l.OxlO -e rndian/sec
[9

[

UXa : 1.0x10 -4 {.

j Uza 1.07<10 -4 6

SXn = I'Ox1#-4 g/J'

• z_ : I'0XI0-4 g,/_S

,ly. (]b:ns l thr 'Lfk 10}

Iluns 1 thz' ,igh 4I

c H :ns t t,]u'_u'h i0[

RIt_tS 1 fihro tE_h 10 i

Altitude,

he r

km

35- 50

-._

.%6

.06

-1.12

-_. 66

- .01

2.05

-.02

-.52

Range,

rEOef,

ka.u

Altitude rate,
,,

_lef,

!0 -s km/sec

32-_4

36.L2

7. P3

43-%

-S6. _4

.76

-.93

-.03

.85

L. 37

-I.09

-.81

-. 32

•22

-26. _2

_° .06t3

k.66

_2.72

63,t0

-t.o7

.99

• 10

-2.99

-13.6_

-.l_

-97

-.15

-.62

49.87

65.56

21.49

$7.05

Range rate,

i0 -z km/sec

-lh.45

.06

-. 20

-.0%

.17

-1.5_

-. "g4

-i. i0

-.60

•17

-18.35

1.4.74

4.41

z9. ;L>

(b) Obtained from computer runs

7

9

LO

aZ

[Ritiul

cc_udition '

(9 Fr, }rs

[]U<ipment

errors

r'h_ = 5.0 km
" 0

r):)ez) : 0.5 km

h_eo = 5.0xlO -4 km/sec

LroUe) = _.OxlO -s km//sec

"0,%o : <'.OXIO -4 radian

Oa : 1.OxlO -e radian/sec

rTxa = l.OxlO -4 g

U,, : l.OxlO -4 g
"a

t_xa : l.OxlO -4 g/g

S_ : l.OxlO -4 g/g

(Rims l_ thro':dh i0)

o_ IRuns i through _I

eE IR_Lns 5 through 10i

dE IR ms i tLr _u_<hlOI

36.Zl

-.40

.45

.06

-i. 12

-3-7L

2.00

.02

-.51

-.04

32._6

37.02

7._

44.42

-26._!2 64.93

•77 -1.07

-.92 .97

-.0% .i0

.86 -2.99

1.32 -13.64

i. 17

-23

-.32

-2k.57

2,ti. 54

4.72

33.26

.o7

-.60

-.18

53.6l

67.oT

21.36

88.43

-14.70

.06

-.19

- .03

•17

-1.7o

-!.13

.89

.15

-.58

-17.o6

14.98

4.62

19.60

i[Algebra_c s_}_ of final errors from initial condition and equipment errors
<"s_m _f mbsolute values of final errors from initial condition errors

_#S-m_of ubsol_te values of final errors from equipment errors

_m-)f u' o,!_<te values of final errors from initial condition and equipment errors
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TABLE Vl.- FINAL PIRROR2 _,,-ORTRAJECTORY 4 WlTK Z_'_O O_rfPT_ FROH ACCELEROI,_I!ERS ABCJVE ATIiOSPII_E

i

2 Initial

condition
3

errors

4

' Equipment (
8 errors

I0

Errors a__t_e •

'heo : 5.0 km

roSeo - 0.5 km

_leo = 5.0X!O -4 km/sec

ro;)eo = 2.0X10 -5 km/sec

"gao : 2.0×10 -4 radian

= 1.0×10 -6 radian/sec

Ux a = l.OxlO -4 g

Uza = 1.0XlO -4 g

SXa = 1.0xlO -4 [,,,/g

SZa = l.OxlO -4 g/£

e'F.(Runs i throu_#_ i0)

b_. Runs i through 41

c_. Runs 5 throuph i0[

dE Runs i throuch i01

Altitude_

km

11

6.70

--O5

-. 88

• 21

-1.o6

-23.62

-.04

I.L5

.04

-.46

]'SII

-!9.53

•23

-i. 41

-.27

•67

26.65

-. 52

-. 47

-.31

•24

l_imal errors

Alt J t _:::]e r !'d;<"_,

-1Of_

10 -s km/sec

2!.56

-. 21

.61

.k6

-2. !_

-67.12

-. 1S

P-93

-.o6

--53

-17,71

7.84

26.67

34.51

-4. %f

21.44

19.36

40. CO

-43,JA

24. £4

73.72

98.56

l-_rNq/R', r&_te __°

i0 -s kin,' _:',:.>:)

2: •41

-.01

1. !}7

- .0_

.15

.16

-. d7

-. !_

-.63

.19

2. _k%

% .3f

2.76

7.0,q

Final errors from all initiel condition -i@.29 -5.00 -i_4.29 6.50
and equipment errors

Algebraic sum of final errors from initial condition a._d eau_pment err r_

_LUn of absolute va=ues of final errors from initial condition errors

S_um of absolute values of final errors from equipment errors

of absolute values of final err,_rs from initial condition and equi!_ment orr_rs

31



32



i

i

I

E

qE_

::3
-i--

<_

I0,000 -

i

1,000 -
I

18,476.50 km

Even numbered trajectories, variable L/D

Odd numbered trajectories, constantL/D

I00 -

h= 121.92 km-

Trajectory [ 7

I I I I I I I 104I0--1 0 I 2 5xl

Range, rEe, km

%z':.je cto_: ios •

33



32--

16xlO -4

m

28 -- 14 -- 7 --

24 -- 12 -- 6 --

20 -- I0 -- 5 --

16-- o 8 -- 4--

_12-- _" 6-- E 5--
E x- 0 __

__ .c-

9°8 - 4 - 2-
,._:- q:) "q:_ Q)

_4 - -- ,- 2 -- _ l--
Cr_ 13

_0-- ° O-- < 0

¢..

(:3

-4 -- _ -2 -- -I --

-8 -- -4 -- 2

-12 -- -6 -- -3 --

-8 -- -4 ---16

-20 -- -I0 -- -5 --

/
/
/

/
/

/
6../

"_h // ,/'

// ,/

/
/

fl

/
l

I

I I I -I"-- -- I
- 60 - 40 - 20

Time after reentry, t _, min

f"1
i /
I /
_\ /

/_- "_,_
/ I

I I
2O

(a) Altitude_ range angle_ altitude rate_ and range-angle rate.

Figure 2.- Time histories of trajectory variables for trajectory 4.

3_



16-

2.8 -- 14 -

40 -- 2.4 -- 12 -

-- 2.0 -- I0 -

1.6 8

_ 20 "-" 1.2 _ 6

24 _

o _

_ 0.4 ._ 2 i

_ o _ o :_o
- LU
LL

-20--

0.4-- 2

0.8 -- -4 --

1,2-- 6

1.6 -- -8 --

/%

-X

I I I I I I I I
-60 -40 -20 0 20

Time after reentry, t' , rain

(b) Velocity, flight-path angle, and force per unit mass.

Figure 2.- Concluded.

35



14-- 7--

12-- 6--

I0-- 5--

8-- _ 4--

0

CO

E

E,o
0

{.,.-

i_

0

"- b 2--,_
%_.

XZ) C)

"5 0-

<£ c>

-,i,-.

<

-4--

U')

c-- c:
o o

6-- 70 "0 3 --
0 0

6

-8--

-I0--

'0 IO
2--

_ "(1:)

0 0

$ .,

--_ _ 0
¢-- _-

r.- 121
121

c_ e0

c
o 2

cr

-3--

-4--

-5--

L I I I

- 60 - 40

(a) Altitude, ran_e an_le# altitude rate, and range angle rate orrors.

Fi!_m'c _.- T_l_ histories of the errors im trajectory vs_ria_les for trajectory 4.

36



14--

12--

I0--

_

E 6--

!

o 4-

X
2--

0--

0

_-2-

-4--

-6--

-8--

-I0 --

_

m

_

4-

m

i

_o 3-

2--

L.

C3n

¢-

¢-

O

C_

I,

I __

0 I

-I--

-2--

-3--

-4--

-5-

_Ae\

F

vA_\e

\
\
\

I I I I I I

-60 -40 -20

\
\

/
!

/
,/

I I

0 2O

Time after reentry, t', min

(b) Velocity and flight path angle errors.

Figure 3.- Concluded.

37



\

I I I I I

0 0 0 0 0
0 _O o_1 CO
O_J -- --

W_l 'sJoJJa aDuoJ IOU!_ _o sanlOA a_nlosqo _o wn S

0

X
_0

_ 0
o_

o

o

E

q_

w

c
o

-6
(.-

°_

b_

_q
o

©

o

_q

c5

.rl
q_

(8

5q
©

u)

o

©

o
-rq
-p

O
r5,I

,rq
6H

©

CO
0

65

©

0
_0

©
_q

_q
o

co

I

©

3_



ool
I

I
I
I
I

l
0
0o

?
/

/
/

/ p
I /

/
\ /

I

to
0

X
0

0
- N

_ 0

I I I
0 0 0 0

W_t '$JO4Je epnJ,!llO IOU!j _o sanlo^ amlosqo ,_o wn S

E

q_

c
o

o
E

°_

LL

o

©

©

J
+__

c3

c8

4D

G
©

¢)

o

I

o
_q

'El

39



I000 --

- /
-- Actual curve /

E IO0

Z

IL

I
I I I I I IIII I I I I I t111 I I I

I0 I00

Initial altitude error, heo , km

(a) Final altitude error versus imitial altitude error.

Figure 5.- Error linearity.

I IIIII
1000

4O



-IO0 -

/• Actual curve

E -I0 -

!-

_ -
2

B -

-.I 1_
0.4 I I0 I00

.T_nitiol range error, rob e , km
o

(b) Final altitude error versus initial range error.

Figure 5.- Concluded.

41



I

E

K)

o

-o

I

o
-oJ

I

_o
ro

I

o
-L0

I

I
L0

I

.c

E

E

"C
E3

6O

_J3

03

-p

©

©

-H

c_
tQ

,H

c_
.d

.H

C_

U]

o
.H
-p
.H

o
cD

.H

4_
.H

H

+_

<D

.H

o_
_D

O
._
-p
°H

o
o

.H

.,-I

o._
._ 4._

o %

_+_

©

©

+_ _
• H O

© o

4-_
°H

_ ra

r_

r-t %

_+_

_4

.H

4-_

.H

©

Pt
c6

+_
%
cd

I

, _

.H

1,2



0
--¢xJ

I/
(M O

I I I

I I I

epnH_IO lOU!_ _o SaA!_OA!Jap lO!;JOd

_0

_H
bO

0

-p

0

®

.H

-- 0 .H

r- o3
-H

E

.r_

_0

oq_

0

__0 (_

0

__0

__0

@

o

0

..p I
P_

O

N CD
O %

_ hi?
% .r-t

4_
©

_3

©

.H

_3



C
O

c-

O

O

To

7

c

°_

u)
c-

O

C_

\

k

I I I
_ _ O

eI6UD e6uo_ iou U _0 SeA!iOA!Jep

1

I

_0
o,I

--0

0

_0

I

0
eJ
I

_0
r0
I

O

1

_0

I

_0

I

o
©

,-4

©

©

.r-I
r-I

C .r-I

E

.H

E "_

O0 0
.r-I

.r-I

O
CD

r_
C_
,r-I

"M

H

02

p_

zd
Q)

O
,M

_fa

0
0

,--t

oM

-H

0

+_._
o +_
©

rn %

_t 4 -_

© ©
r-I "M

e_O-O

ed)

%

r_

_+_

OO

.r-t

_3

or-I

©
_d

-4-)

o3

!

%



0

0

I I

I I

alSu0 e6UD_lOU!I_0se^!10A!_ep lO!lJ0d

--O

O

_O

C

E

O

-cu _
E
._

"Z
O

O cO

rO

O
_t

O
uo

_O
qO

_8

c5

+)

©

©

.r-I

o3
03

°_I

,-I

+)

-r-I

0

Pl

©

X
©

(1)

4n

©

c_

©

C_

©

_J

o
cD

I

CO

,%

-rt



_0
0J

0

_ 0

C

E

-o
0

E

0
.t-

O0O
ro

0

0

0
_0

4_

©

P_

©

_d

0_

o

4_)
.,-I

0

©

_-4 d

_ +_

@ .r-t

0 .r-t

•r-I 0

-_ o
•,-_ .,-I

• H 0

©._
•_ _ +_

+_
0 .,-I

•_ _,_ ©

o _
• r-I %

-r-I

H _

C_ C_

.H

%
o

c_
-r-t
4 _

_3

I

cO

0
;4

bl?

46



I

/
I

/,
I
I

aloJ apnJ,!llO IDU!_ ]0 SeA!lg^!Jap ID!_JDd

0
--Od

_7



48

_$oJ _16UD _SUOJ IDU!_ JO $BA!iDA!JBp IO!¢JOd



g,IOJ

0

al6uo

I I I

i I I

e6u0J IOU!l to se^!10^!_ep IO!i.iOcl

c-
O

iO

x

I

00
I

I

0
I

0

0

0

0

I

0

O

0
- re)

I

0

I

o
- LO

I

o

I

b_

®

GJ

c_

•_I ©

-,-t
+--I

•M e.3

0
0 C_)
e_

I
4-_
,o_ ,:_\
©
© ©
X
m

Q

©

.rt

c_

v

Is9



I I I I I I

-15

E

--I.0 E

-o5

I0

(a) With respect to initial radius and with initial radius rate and range angle

rate constant.
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I
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(b) With respect to initial radius rate and with initial radius and range angle

rate constant.
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(c) With respect to initial range angle rate and with initial radius and radius

rate constant.

Figure !0.- Partials of radius of perigee for an ellipse as functions of start

time using radius_ radius rate, and range angle rate as variables.
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Figure ii.- Partials of radius of perigee for an ellipse as functions of time

using radius_ velocity_ and flight-path angle as variables.
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